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Abstract. A new method based on quadratic constrained least-
mean-square fitting to simultaneously determine both the best hy-
perbolic and elliptical fits to a set of scattered data is presented.
Thus a linear solution to the problem of hyperbola-specific fitting is
revealed for the first time. Pilu’s method to fit an ellipse (with respect
to distance) to observed data points is extended to select, without
prejudice, both ellipses and hyperbolee as well as their degenerate
forms as indicated by optimality with respect to the algebraic dis-
tance. This novel method is numerically efficient and is suitable for
fitting to dense datasets with low noise. Furthermore, it is deemed
highly suited to initialize a better but more computationally costly
least-square minimization of orthogonal distance. Moreover, Grass-
mannian coordinates of the hyperbolee are introduced, and it is
shown how these apply to fitting a prototypical hyperbola. Two new
theorems on fitting hyperbolee are presented together with rigorous
proofs. A new method to determine the spatial uncertainty of the fit
from the eigen or singular values is derived and used as an indicator
for the quality of fit. All proposed methods are verified using numeri-
cal simulation, and working MATLAB® programs for the implemen-
tation are made available. Further, an application of the methods to
automatic industrial inspection is presented. © 2004 SPIE and IS&T.
[DOI: 10.1117/1.1758951]

1 Introduction
The fitting of hyperbolae and ellipses is a far reaching, gen-

eral pattern recognition and image processing task; for ex-

ample, in x-ray diffraction imaging, the centers of the at-
oms lie on hyperbolee. We present the first known linear
solution to hyperbolae-specific fitting. In the past, nonlinear

optimization techniques have been used to solve this prob-

lem. Furthermore, the method simultaneously delivers both
the best hyperbolic and elliptical solutions from a single
reduction of the scatter matrix.

The literature contains much work on fitting of
ellipses™ and implicit curves to observed data points.
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However, hyperbolee seem to have been neglected. Pilu,
Fitzgibbon, and Fishéf introduced ellipse-specific direct
least-square fitting. Later, Halir and Flusseanproved the
numerical stability and efficiency of this method.

In this research, the work in Refs. 5, 6, and 7 is extended
to simultaneously and specifically determine both the best
hyperbolic and elliptical fits to scattered data. The focus of
this work is on the performance of the hyperbolic fitting,
for the following reasons.

1. This is the first known linear solution to fitting a hy-
perbola to scattered data.

2. The performance of the ellipse fitting is identical to
the solution presented by Halir and Flussér.does
not seem necessary to reproduce these results here.

A-priori knowledge of the general shape of the object
being measured is commonly available in automatic inspec-
tion. The Grassmannian coordinates of the hyperbola are
introduced here to enable the integration of saepriori
knowledge into the fitting procedure. Two new theorems on
fitting hyperbolee are presented, together with rigorous
proofs. Furthermore, the proposed methods are verified us-
ing both synthetic and experimental datasets.

Automatic industrial inspection applications place addi-
tional requirements on the fitting and modeling methods
being developed.

1. Usually observation and fitting are unsupervised. The
entire procedure must be automated because product
processing or some corrective action may have to be
taken based on some results of the fit. There is no
possibility for an operator to intervene when such
conditions occur.

. The algorithms must be robust and fail-safe when
confronted with spurious data. They must verify that
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the expected geometric object reliably describes theThese can be understood by considering the intersection of
data and exhibits numerical stability if the data con- a conic with the line at infinity.
vey ambiguity. The homogeneous conic equation can be obtained by

3. Fitting is carried out under real-time constraints, re- €xpanding Eq(3),
quiring a tradeoff between speed and accuracy.

4. A dense vector of data points, typically several hun-

gg?g’ is avallable. The data are only moderately Intersection between the conic and the line at infinity is
Y- ) obtained with Eq(5) andw=0 to yield Eq.(6). The closed
5. Image processing accuracy needs to match only thaggpics e, ellipses and circles, their special case, have no

achievable by the subsequent automatic product pro-rea| points of intersection, whereas hyperbolee and
cessing or defect correction system. parabolze do.

kZax?+bxy+cy?+dxw+eyw+ fw?=0. (5)

To support these requirements, a new and numerically
efficient method of calculating the spatial uncertainty of the
fit has been developed. Least-square fitting of the algebrai
distance is a poor approximation of minimized normal dis-
tance in strongly scattered datalhis work extends the

k.=ax?+bxy+cy?=0. (6)

CSoIving Eq.(6) asx=x(y) produces,

i it implici i i i —b*(b*~4ac)*?

linear fitting of implicit equations to determine the spatial Y= y (7)
uncertainty associated with the fit from the eigen or singu- 2a '

lar values.

which can be rearranged as E§):
2 Geometric Background 5 y 5 2
The following section presents conics in homogen(aous{zax+[b+(b 4ac)™ly}{2ax+[b—(b*~4dac) "y}
form and the necessary properties required to specifically fit =0=I,l,. (8
hyperbolae and ellipses.
The factors represent two lines with the following equa-
2.1 Homogeneous Coordinates and the Projective tions,
Plane

The homogeneous coordinates of a point in the 2-D projec-
tive plane are,

l,22ax+[b+(b?’—4ac)*?ly=0 and

|,£2ax+[b—(b?—4ac)Y?ly=0. (9)
=[x wl'=[Ax Ay Aw]. 1
p=lx 'y wi'=l y ! @ These two lines, which intersect at the origif001], are
Now consider the homogeneous equation of a line parallel to the conic asymptotes. The nature of the two
lines, and with this the nature of the conic, depend on the
lo= 11X+ 1y + 1 aw= Al X+ Aoy + M aw value ofb?—4ac:
=\Ip 12 lg][x y w]'=0. (2  p2—4ac
All points p.=[x y 0] lie on the line at infinityl., =0 real parallel asymptotesparabolic conic
=[001]. x4 >0 real asymptotes hyperbolic conic

The points of intersection, ostensiblyaati.e., w=0, of

a conic and the line at infinitl,. , will be used to advantage <0 complex asymptoteselliptical conic

when selecting the specific type of conic fitting. (10
29 Conics This property, one of the invariants under Euclidean
! i ) ) ) transformation, can be used to identify the type of conic
Quadratic forms in the planég., conics, from any form of its general equatione., independent of
position and orientation.
a b2 diZ|ry Later it is seen that it is necessary to determine if the
k2p'Kp=[x y w]|b2 c e2||y], (3) conic is degenerate or nproper. This is indicated if the

dre e2 f |Lw numerical rankR(K, €) is deficient.

may be defined by the symmetric matkx The conic has 3 indicates a proper conic

three properties, which are invariant to Euclidean transfor-R(K,e)=4 2 two intersecting lines . (1)
mations, 1 two colinear lines

a b2 b2 . :
i=|K[, i,= —ac——. and i.=a—c A metric or norm must be introduced as a measure of rank.
1 y 2 y 3 . . . s . .

b/2 4 For this purpose, singular-value decomposition is applied to

4 the conic matrixK,

Journal of Electronic Imaging / July 2004 / Vol. 13(3)/ 493
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svd The aim of least-square fitting is to determine the values
K —[U,S,V], (12 of the coefficientsj.e., the coefficient vector, which mini-
mizes the sum of the square of the errors. This vector is

where,Siis the diagonal matrix containing the singular val- Written
ues. These correspond to the two-norm distances of the

column vectors oV from the null space oK. The matrix . . é E 18
Sis normalized on the largest singular val§ld., 1], thus = argzml ~ (zpi) |- (18)
1 0 Booksteirf in a seminal work showed that the least-
1 0
. square fitting problem under a constraint could be solved
A= = . (13 using generalized eigenvectors. Pilu and Fitzgibbon took
stn.n] 0 N advantage of this method to solve ellipse-specific direct
s[1,1] least-square fitting by solving the generalized eigenvector
problem,
The numerical rank is defined ag such that,
D'Dz=Sz=\Cz, (19
Ni>No >N\, >€> N\, 14 _ .
1mne e " (4 subject to the constraint,
wherebye is a small predefined number related to the nu- 0 0 -2 0 0 O]
merical accuracy of the computational system being used.
0 1 0 00O
. - -2 0 0 0 0 O
3 Simultaneous Fitting of Hyperbolae and b2—4ac=7z"Cz=27" z<0,
Ellipses 06 0 0 00O
The equation of the conic, dehomogenized witk 1, can 0 0 0 0 O
be formed as the product of a row and column vector. O 0O O O 0 O
) ’ (20)

k=[x*> xy Y x y 1][a b ¢ d e f"
(15 thus admitting a unique elliptical solution. This constraint
is clearly equivalent to selecting the case of an ellipse in

The vector of quadratic point forms afesign vectord Eqg. (10). An improved numerical calculation method based
=[x% xy y? x y 1] describes the fundamental structure of on block decomposition of the constraint and scatter ma-
the curve being considered, in this case a conic, and therix, together with a more stable procedure to select the
coefficient vectorz=[a b ¢ d e |’ determines the conic correct solution, were presented by Halir and Flusser,
type, e.g, hyperbole,etc. The designd and coefficientz where there were no changes or extensions to the principal
vectors correspond to the dual Grassmannian and Grass?ature of the solution.
mannian coordinates of the geometric objects, respectively.

Consider that, in general, poins=[x;,y;,1] lie near .
but not on the curve being fitted. Therefore, such point?"1 Extension to Hyperbolee
coordinates do not exactly satisfy the conic equation but The above method actually provides three valid solutions;
rather yield a(smal) residualr; called the algebraic dis- this has been overlooked in the past. As a first step. rigor-

tance. ous proof is presented to show that the eigenvector problem
yields one elliptical and two hyperbolic solutions to the
rié[XiZ XY yiz x, vi 1la b ¢ d e 1A conic fitting problem. Further, there is a symmetry between

(16) only one of the hyperbolic solutions and the elliptical solu-
tion. This enables the unique identification of the correct
solutions. The following two lemmas are required for this

Note, however, this isot the normal distance of the point proof

to the curve.

Givenn points, Lemma 1. The sign of the generalized eigenvalues of

a D'Dz=Sz=\Cz, (21
2 2 b
1 .
Xt XY Yi X Vs c ri are the same as those of the matéixup to a permutation
: d1=l: =Dz=r. (17) of the indices
2 2 r
Xo Xn¥n Yn Xn Yn 11| e . Lemma 2. If (\;,z) is a solution of the eigen system
f
D'Dz=Sz=\Cz, (22
D is called the design matrix andis the vector of residu-
als. then: sign(\;) =sign(z’ C 2).
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See Golub and Van Lo8rfor proofs of these lemmas. This corollary takes advantage of the symmetric nature
Now we formulate our postulate more formally. of the fitting problemj.e., fitting a hyperbola and an ellipse
is effectively the same problem with only a change in sign
of an eigenvalue.

In the case of the hyperbola, the condition number of the
conic matrix is then used to determine if the hyperbola
D'Dz=Sz=\Cz, (23 degenerates into the two lines of its asymptotes, indicating

that a rectangular cross section with sharp, not rounded,
subject to the constraint matri€ defining the constraint ~ corners has been identified.

b2—4ac<0, delivers three nontrivial solutions: one and
only one elliptical and two hyperbolic solutions

Theorem 1. The solution of the conic fitting problem de-
fined by the generalized eigen system

3.2 Numerical Implementation

Proof. Since the nonzero eigenvalues @f are A\ Prior to starting the fit procedure, a translation is applied to
={-2,1,2, from lemma 1, there is one and only one nega- place the centroid of the data at the origin, then isotropic
tive eigenvalue,\;<0, and two positive eigenvaluga\; scaling is made to ensure that the root mean square distance
>0, associated with the solutios. Since the equations Of the points to the origin is2. The matrix corresponding
are homogeneous, both the positive and negative eigenvalto this similarity transform is:

ues correspond to eigenvectors, which are valid solutions.

Then according to lemma 2, there are two cases to be con- s 0 —sx

sidered. ~
S=|0 s -—sy|, 25
Negative eigenvalue ,\;<0: the constraintziTCZZb2 Y @9

—4ac is negative, ang; is a set of coefficients represent- 00 1

ing an ellipse. h

Positive eigenvalues,\;>0: the constraintziTCZZ b2 where,

—4ac is positive, and; is a set of coefficients representing v

a hyperbola; there are two such solutions. s= (26)

It is clear that there are two hyperbolic solutions, since  =i=1l (i —X)%+(y;—y) 1Y%

the constraint only defines that two pairs of real asymptotes o ]

must exist. The solution can never be a parabola, since this After fitting has been completed, the conic, represented

would requireb?— 4ac=0. by its cor—;f_ﬂment matrix, is transformed back to the original
There are three eigenvectors, one obtained with thedata position and scaling,

negative eigenvalue, and two with the positive ones. How-

ever, Halir and Flusser pointed out that datasets with very

low noise may have eigenvalues approaching zero. Sma”'l'his improves the numerical stability of the fit restlf

numerical perturbations thus lead to sign ambiguity. Such  The design matrix is partitioned into its quadratic and
eigenvalues cannot be reliably used to assign solutions. Ajnear submatrices,

numerically more stable approach is to evaluate the follow-

K*=S'KS. (27

ing constraint for each of the three solutions, X2 Xiy1 Y3 X; y; 1
, . D;=| ¢ : | and Dp=|: : :|. (29
K= bi —4ac;, =123, (24) Xr21 XnYn Yﬁ Xn Yn 1

this yields three values, each of which corresponds to oneThree scatter matrices are defined,
of the eigenvalues of the constraint matrix. Note: there are
two symmetric eigenvalues of the constraint matrix S, =DD,, S,=D;D,, and S;=DJD,. (29
{—2,2}; these correspond to the optimal elliptical and hy-
perbolic solutions, respectively. The third eigenvalue  The constraint matrix is reduced to,
=1 also represents a hyperbola. However, it does not mini-
mize the error as desired, but maximizes it. 0O 0 -2

The symmetry of the hyperbolic and elliptical solutions c—|l o 1 o0 (30)
can be used to identify the two optimal solutions. With ~1™ '
strongly scattered data, the solutions are not perfectly sym- -2 0 O
metric.

and the coefficient matrix is partitioned into,

Corollary 1. The eigenvector; associated with the nega-
tive constraint coefficienk; is the best elliptical fit, while 4, =[a b ¢]T and a,=[d e f] . (31)
the eigenvector; associated with the positive constraint
coefficientx; with the value nearest to that of the elliptical The fitting problem is thus carried out in five well-defined
solution is the best hyperbolic fit steps.

Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 495
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Elliptical solution Hyperbolic solution Elliptical Fit

Hyperbolic Fit

we i-E' 1
.f" 1 1 ] ;
2 : i3 \.A
F i 4

. o
0 ] V .-" =1 - |
-1 =1 I"-\.. _..J"IJ =

1] 1 2 3 4 1] 1 2z 3 4 =2 =1 o 1 2 =1 =1 ] 1 2

Fig. 1 Test results when fitting to a noisy dataset, which clearly
represent an ellipse.

Fig. 3 Test results when fitting to noisy hyperbolic data.

less) The numerical tests focus on verifying this property.
The two solutions found by the algorithm are presented for
€the following test cases:

1. Determine the numerical ramk of S; and test if the
data presented to the fitting routine are degenerat
and correspond to a straight line. If the numerical
rankr =2, the fit is finished(Halir did not consider
the case of unsupervised inspection where the possi-
bility of degenerate data had to be taken into ac-
count) Otherwise, continue with step 2.

2. Solve the eigenvector problem,
CiH S~ S ') = ay,

to determinew, . It should be noted that this merely
requires the reduction of aX33 matrix.

3. Calculate the constraint coefficients,
ki=a[2i1?—4a[1i]a[3,].

1. data that clearly represent an elligség. 1)

2. data for an elliptical ar¢Fig. 2)

3. data that clearly represent a hyperb@ta. 3

4. data that represent a degenerate hypertiota 4).

These tests were considered comprehensive enough to
demonstrate the performance of the simultaneous fitting.
All tests were performed with 200 data points having 3%
noise.

(32

4 Grassmannian Coordinates for Hyperbolee

This section presents a new method to fit hyperbolee where
a-priori knowledge is available concerning the relative ori-
entation of asymptotes. Suchpriori knowledge is com-
mon in many applicationg.g, the cross section of a steel
billet is rectangular.

Line coordinates of an axis of symmetrpf the hyper-
bola are written as follows,

(33

Select the elliptical solutioni,e., k.= ki x;<0 and

then find the symmetric hyperbolic solution
Kh:Kilmin{Ki+Ke} and Ki>0' (34)

4. Determinea, for each solution by back-substituting
a4 into,

. I2[L; Ly Lsl. (37)
Asymptotesa, ,a,=a.. 4 are lines on the center of sym-
5. Concatenater; and «, for each solution, metry of a hyperbola and displaced on either side of an axis
of symmetry by an angle. Therefore, asymptote line co-
_|% (36) ordinates can be obtained by multiplyihdpy the rotation
a matrix,
3.3 Numerical Tests cog¢) —sin(¢p) O
The innovation here is the simultaneous fitting of hyper- R(¢)=| sin(¢) cog¢) O (38)

bolee and ellipses(Note that Pilu and Halir have given

extensive tests of their algorithm for the fitting of ellipses to 0 0 1

scattered data. Our work does not pretend to improve the . . .
performance with respect to ellipses, namely, wsePilu’s Abbreviations cp=cos¢ and sp=sin¢ are applied
method. Consequently, comparing results would be point-"€xt,

Elliptical Fit Hyperbolic Fit Elliptical Fit Hyperbolic Fit
L 1
.
0.5 e 0.5
ur o
] ‘:-N-:!- ]
PP
=0.5 i i -0.5
=1 <5 0 05 1 =1 <05 0 05 1

Fig. 2 Test results when fitting to noisy data of an elliptical arc.

Fig. 4 Test results when fitting to noisy degenerate hyperbolic data.
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a. 4,=IR(= ¢), (39 Theorem 2. The conics with real and orthogonal asymp-
totes are defined on the dual Grassmannian coordinates

evaluating,
J GPA[y?—x2 xy x vy 1] (47)
B=[cplitsply —sply+eply Ls] and Proof. The Grassmannian coordinates, the coeficients
are defined as,
a,=[cpLly—sp Lsplitepl, Ls (40)
_ 9%[01 92 93 94 Osl (48)
The products of these asymptotes produce the cgnic

The conic equation is,

X
g=[cpL;+spL, —spL+cpL, Lj]|Vy C=GD9=—91X2+92Xy+91y2+93XW+94yW+95W2-(49)
w
X Evaluating at infinity,i.e., w—0,
X[cpL;—splL, splLi+cpl, L]l Y. (41
w € =GPg=—g1x°+goxy+gyy*. (50)

The planar line coordinate of the asymptotes, the roots

Expanding Eq(41), settingw=0, and collecting com- of Eq. (50) are:

mon coefficients yield the Grassmannfiaand dual Grass-
mannian coordinates of the hyperbola., the quadratic

[ _ 2 2\1/2
point forms and the conic coefficients, b=[by b, 4bs]= 92— (951 497) 1 0
I 29, ’ K
9.=[cp®—sp?y? —sp’x*+cp’y?  2xy] (51
X[L2 L3 LyL,]" (42 [ —g,+(g2+4g2)2
>+497)
2bi=[oby  oby  obs]= 29 , 1 0.
Consequently, the design matrix of the hyperbDlg g ! (52)

with known angle 2 between the asymptotes is,
The discriminants are nonnegative regardlesg,oand

Dn g,. Consequently, the asymptotes of the conic are also real.
cp?Xi—sply? —spxi+cply: 2xiy; X; y; 1 For the asymptotes to be orthogonal, it is only necessary
B . . . e that the inner product, taking these line coordinates as vec-
B ) 2' ) N - ' o tors, 1b- ;b vanishes. It is obvious from the right-hand
CPPXh—SPPYn  —SPPX+CPYYA 2XYn Xn Yn 1 sides of Egs(51) and(52) that this is indeed the case.
(43) Corollary 2. Reduction of the design matyix
2 2
A special case occurs when the asymptotes are orthogo- YiTXD Xiy1 X oy1 1
nal to each otheti,e., the model being fitted is a rectangular D= : : Lo (53)
hyperbola, wherep=sp. The design matrix reduces to 2 o
Yn=Xn Xa¥n Xn Yn 1
2 2
Y1 _ X1 X{yl X} y} 1 will yield a conic with real and orthogonal aysmptotes
D= : : N (44) Furthermore, the matrix that must be reduced is mow
V2=x2 Xy X Y, 1 X 5 rather thamx 6, as in the general case. This makes the
noonoonAn s an method numerically more efficient than fitting a general
The same result can be attained another way. Considepyperbma'
two orthogonal direction cosinesg., orthogonal lines on
the origin: 4.1 Numerical Tests
atla; a,] and a'2[-a, al. (45) Two numerical tests for the fitting of hyperbolee with or-

thogonal asymptotes are presentEw. 5): 1. a dataset that
fulfills the condition with respect t@-priori knowledge,
i.e, that the asymptotes produced by the dataset must be
) > 2 ) truly orthogonal, and 2. a dataset where this condition is not
—aax-t(a;—ap)xy+ajazy”. (46)  fulfilled.

The second test demonstrates that the proposed method

This corresponds to the constrai@ +C;=0 on the forces the asymptotes to be orthogonal irrespective of the

conic coefficientsC. nature of the dataset.

The line product conic is shown in E{6),

Journal of Electronic Imaging / July 2004/ Vol. 13(3) / 497



O’Leary and Zsombor-Murray

2f-- : : 5.1 Nature of the Metric and Numerical
/ | / Considerations
0f--: L The proposed metric is the algebraic distance. The relation-
of ship between algebraic distance and normal distance de-
=2p- ‘Y‘\ pends on the object being considered and the attitude of
-1} _f }‘LK error vectors, which are a measure of distance, relative to
4 '/" /I ‘“xm the object. Some insight into the metric can be gained by
=1 Ty examining planar curves and the offset surfaces corre-
- /j'( sponding to the squared distand® from the curves. The
sl fs : residual resulting from the implicit equation is not a sym-
<& b =R 0 -1 o 1 2 metric function. This can be clearly seen in the case of a

Fig. 5 Left: Test fit to a dataset where the condition with respect to parabola, shown in Fig. 6. POIHtS.WIth equa! normal dis-
a-priori knowledge is fulfilled, i.e., the asymptotes of the dataset are tance to the parabola produce a different residual, depend-

truly orthogonal. Right: Test fit on a dataset that do not have or- ing on their position. Consider the parabola,

thogonal asymptotes. This is obviously a poor fit; however, it dem-

onstrates that the method enforces the orthogonality condition irre-

spective of the nature of the dataset. X— y2= 0. (54)

The residual in this case is a linear functionxirand a
The results of test 1 show that this fitting procedure quadratic function iny. As can be seen in Fig. 6, the re-
tends to weight the data toward the ends of the asymptotesulting error surface deviates strongly frod?. Conse-
more strongly than the data points near the apex. This isquently, minimizing the squared algebraic distance leads to
seen in more detail in the next section where the confidencea poor fit. This is the case for all curves and surfaces that
interval is analyzed. are highly asymmetric in powers and/or coefficients of
X,Y,(2). In applications where unsupervised fitting is being
applied, the form of the squared residual surface should be
5 Confidence Interval evaluated prior to selecting the fitting method. A nonlinear

Unsupervised inspection and fitting of geometric models Minimization ofd is to be preferred when:
place demanding requirements on the quality and certainty . , . )
of fit. The industrial inspection tasks driving this work have - the data points contain a high degree of noise

real-time constraints, the 2500 billet cross section profiles, 2. the data points are distributed unevenly along the ob-

which must be acquired each second, require computation- ject, or
ally simple and efficient methods. A new and numerically 3. when the squared residual surface is strongly asym-
efficient way to determine the spatial uncertainty of the fitis metric.

therefore presented. It should be noted that the spatial un-

certainty is nonuniform along the curve. This is due to the  The numerical stability of the fitting procedure is con-
difference between the algebraic and normal Euclidean dis-siderably improved by applying a similarity transformation
tance from a point to a curve. to the data prior to fitting.

ns ns

05 il o5

] e T i S

Fig. 6 Left: The surface corresponding to d? around a parabola. Right: The square of the residual r§
resulting from the implicit Eq. (54) for the parabola.
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1. Translate the data so that it is centered around the 1. Given the geometric model that has been found, how

origin, i.e., zero mearx, y, andz.

2. Scale the data so that the maximum distance of a

point to the origin is/2. This is particularly important
for higher-order objects.

5.2 Singular Value Decomposition

The notation used for singular value decomposition in this
svd

work is A—[U,S,V]. If D is a realmX n matrix, then the

orthogonal matrices,

U=[uq,....Uun]e R™"|U,=1 and

V=[Vvq,...vy] e R""||V|,=1, (55)

exist, such that,

UTDV=S=diag{oy,....05} € R™" for p=min{m,n},
(56)

whereg,=0,=...0,=0. Theg; are the singular values of
A, anduy; andy; are thei’th left and right singular column
vectors. In this geometric casg,form the orthogonal basis
vectors ofD, andu; are the normalized orthogonal projec-
tions of D ontou; . The singular valuer; is the two-norm
distance of the vector; from the null space ob. Further,

Dyl 57

Op= .
N TA R

The solution being sought correspondsctev,, .
The matrixD may have a higher-than-unity degree of

large is the region in which a data point may validly
lie within a given range of statistical confidence?

2. Given the data and the geometric model being used,
what is the tolerance on coefficient values?

The singular valuer, is the two-norm distance of the
vector c=v,, from the null space of the design matiix
i.e.,

m 1/2
<rp=||D<:||2=||r|2=(iZ1 r?) : (59)

Consequently, the standard deviation of the residilas,

_or

5'_Jﬁ’

wheren is the number of points in the sample dataset. The
mean residuaf is zero; further, it is assumed the residual
has a normal distribution(In critical applications, the re-
sidual should be tested to determine if it fulfills the require-
ment of having a Gaussiamorma) distribution) In this
case, the equation for the conic can be rewritten as,

(60)

C1X2+ C2y2+ C3Xy+ C4X+ C5y+ C6: N(O,&r) (61)
That is, the data point residuals are not zero but nor-
mally distributed with zero mean and standard deviation
S, . In engineering applications, it is common to define a
confidence interval as some real multiflef the standard
deviation,e.g, within a range of, say, 2&b Applying this
to Eq. (61) and rearranging to implicit form gives the fol-
lowing results.

rank deficiency, depending on the dataset and the nature of 1. The expectedi.e., the meahresult is,

the dual Grassmannian coordinates of the geometric object.

The numerical rank is defined as follows:

r.=rankA, e}, (58)

where,alz...ar? €0y 1=0p. There can be multiple

column vectorsy;:i>r,.. The concept of numerical rank
requires that all linear combinations of the column vectors

of V1 be considered as possible solutions. Consequently,

the nulfD, €} is the set of all solutions to fitting the geomet-
ric object to the data. For example, X is rank deficient
order 2, then the solution is a pencil of hyperplanes in the

dual Grassmannian space. This corresponds to a straight
line in the Grassmannian space; interpolation between two

points.

5.3 Confidence Interval Associated with the
Algebraic Distance

In automated quality control applications, it is important to
have an estimate for the confidence intel¥alf the mea-

CX2+ Cpy2 4 Caxy+ X+ Csy+Ce=0. (62)

The values of the coefficientsfound are used for all
calculations with respect to the geometric object.

2. The confidence interval in which a point lies is given
by

@+ oY+ Coxy+ Cx+Cey+Ce=fap /\n=0. (63

The value forf is chosen to achieve the desired prob-
ability for the confidence interval. Changing the
value ofcg corresponds to a parallel shift of the hy-
perplane in the dual Grassmann space. This is consis-
tent with the observation that the singular valggis

the mean square component of the data orthogonal to
the dual of the vectov,. An example of fitting an
ellipse to data with the resulting confidence interval
can be seen in Fig. 7.

6 Application to Automatic Inspection
The original motivation for this work arose from a problem

surement result. Data points are corrupted by noise, scencountered in the automatic inspection of steel billets and

there is a distribution of fit residuals. There are two differ-
ent confidence intervals that need to be considered.

the necessity to autonomously discriminate rectangular
from elliptical cross sections. The first task is to decide
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_.f; ; Fig. 9 The three fit solutions delivered by extending the method of
apiff yd 1 Pilu. Original data are black and the fit results are red.
1'I 2
AkoH P
% - ] .
e = The experimental data are taken from a laser profiler
N e measuring the cross section of steel billets. An example of
the original image and the rectified profile, which is deliv-

B TE s ered by the profiler, can be seen in Fig. 8.

The measurement system is confronted with billets hav-
ing three possible cross section types.
Circular : can clearly be modeled by an ellipse.
Rectangular. can be modeled as a degenerate hyperbola
with orthogonal asymptotes.

Rounded rectangular. these can only be approximated by

whether the cross section of a red hot steel billet, emerging® conic. However, the center point of the conic is well
from a rolling mill, is circular or rectangular, with sharp or suited to determine the translation required to register mul-
rounded corners. This is achieved by simultaneously fitting tiPle sections. o o o
an ellipse and a hyperbola to the acquired dataset represent- 1he first step in registering the individual sections is to
ing points reflected from the billet surface and captured in aPerform a fit according to the constrained eigenvector prob-
camera image of a plane of laser light intersecting the bil- Iém. The results of this fit for the sample profile are shown
let. in Fig. 9. The important feature is that all three solutions
The next task is to accurately estimate invariant proper-are produced simultaneously with a single reduction of the
ties of the cross sectiong., center point and radius of the ~Scatter matrix. o o
circular sections, or the orientation of the rectangular sides ~ These results are used to determine if the cross section is
and the point of intersection. These properties are used td€st modeled as an ellipse or a hyperbola. In the hyperbolic
register sections acquired in a sequence of images take@se, a second fit with orthogonal asymptotes is performed.
along the length of the advancing billet. The assembly of A comparison of this fit and the hyperbola from the eigen-
registered images is then filtered, thereby enhancing anyector solution is shown in Fig. 10.

existing surface defects to allow their machine recognition ~ Note the difference in the angles between the asymp-
and, if possible, subsequent correcti@g, by abrasive totes and the coordinates for the center point. These differ-

grinding. ences are important when rectifying individual sections to
In the case of steel billet inspection and many other form a complete surface model.

engineering applications, the geometry of the objects being A billet is inspected by acquiring sequential sections;
encountered is knowre.g, adjacent faces of the rectangu- however, these are corrupted by motion and vibration of the

lar and rounded-rectangular billets are mutually orthogonal. billet during transportation. The rectangular hyperbolic
This a-priori knowledge is used to improve the quality of
the results by fitting a hyperbola with orthogonal asymp-

& 8 10

[
=
(=]

Fig. 7 Fitting a conic section to noisy data. The confidence interval
is for the range = 3§, and corresponds to a contour on the surface of
the residuals.

totes. The center point of the hyperbola and the orientation b= —84.3799
of the asymptotes can be determined directly from the _;
conic matrix. » Y
3 \
—i
a0 s
i _ o,
g E 20 7 M -6
£ 106 = 7 b 7 7
§ E“ 10 o \\\ = -
E 150 £ ol k i -
200 i _ - —4 -2 i -6 — -2 0
10X 00 300 : &0 80 100 P, = [-24782, -1.918, 1] B, = [-24892, -2.3854, 1]
Pixel coordinates Width [mm]

Fig. 10 Left: The fit delivered by the modified Pilu method. Right:

Fig. 8 Example of an original image from the laser profiler and the
relevant portion of the rectified profile data.
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100

Fig. 11 Left: Original data as acquired; the uneven surface results from vibration of the billet during
transportation. Right: Registered and rectified surface with localized defects. The rectangular hyper-
bolic model has been used to achieve this result.

model is now used to register the sections to a commonmentations of these methods in MATLAB m-code are made
center point and orientatiofsee Fig. 1L available. An application in automatic industrial inspection

It is interesting to investigate the properties of the con- is presented.
fidence interval associated with the algebraic distance to Furthermore, this article contributes to industrial appli-
hyperbola(see Fig. 12 The points near the apex have a cations by describing in some detail the development and
lower contribution to the fit that points near the asymptotes. validation of effective, real-time algorithms to autono-

mously inspect bar stock and steel billets of circular and

7 Conclusions rectangular cross sections. This is done by applying el-
ementary planar projective geometry of points, lines, and
conics. Exciting avenues and opportunities for research in
ﬁnsupervised industrial inspection, based on fast, certain,
and accurate artificial decision making, are opened. Con-
3. direct and simultaneous least-squares fitting of bothSider these three, possibly trite, adjectives in the context of

ellipses and hyperbolee, achieved by using con-unsupervised inspection.

strained generalized eingenvalue decomposition

New linear numerical methods for the fitting of specific
conics to data are presented. The methods include solution
for:

] . Fast. When transforming dual element<,, lines, as op-
4. d|r_ect Ieast-squar_e fitting o_f rectangular hyperbolese posed to points, in the plane one needs only to premultiply
using Grassmannian reduction the homogeneous line coordinate vector by the dual dis-
5. determination of the spatial confidence interval asso-placement matrix3 This matrix is simply the adjoint of the
ciated with least-square algebraic fitting. primal one for points. Lines are thus converted with one
o o .. multiplication rather than two if a point pair is used. Simi-
This is the first linear-least square hyperbola-specific fitting |5rly, ' point-form and line-form conics are tranformed by
method. Two new theorems on fitting hyperbolee are pre-yransforming their coefficient matrifsee Eq.(5)] and ad-
sented, together with rigorous proofs. All proposed meth-j5int of the coefficient matrix, respectively.
ods are verified using synthetic and real datasets. Imple-
Certain. A feature may appear as the image of a hyper-
bola. To ensure that this, rather than another conic, will
emerge from the fit, one begins with a line@lgebraic
distance fit on quadratic forms peculiar to hyperbolae. This
is outlined in Sec. 4. The principle is applicable to other
curves, a subject for further investigation.

Accurate. What if the cross section is known to be a
rectangl€ Then the image is best approximated by a pair of
perpendicular lines or by a rectangular hyperbola. To en-
sure this, one uses the combined quadratic form
[x?—y2,xy,X,y,1]. This removes a column from the Grass-
mannian matrix to more simply produce more accurate re-
sults. We call this technique “prejudicial perception.”
Naming things allows us to more effectively recognize, re-
member, and apply them. The element of research offered
here is the challenge to generalize this concept for wider
Fig. 12 Orthogonal fit with associated confidence interval. application in design and analysis.
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8 Appendix: MATLAB Code

[condVals index]=sort(cond);

The MATLAB m-code presented has been optimized with % o )
respect to the clarity of the procedure being implemented,% Pick up the elliptical solution
at the sacrifice of numerical efficiency. Further, the similar- %

ity transformsS, i.e., making the data mean free and scaling eValE=condVals(1);

before fitting, is not shown in the code for reasons of clar- alphal=evec(:,index(1));

ity.

8.1 Simultaneously Fit Ellipse and Hyperbola

function [ellipse, hyperbola]
=fitEllipsAndHyperbola(x, Y);
%
% it is assumed that x and y are column
vectors
%
X2=xN.2;
y2=y."2;
XYy=X. *Y;
%
% Set up the design and scatter matrices
%
D1=[x2,xy,y2];
D2=[x,y,ones(size(x))];
%
S1=D1’ *D1;
S2=D1’' *D2;
S3=D2’' *D2;
%
% test the rank of S3
%
[Us3, Ss3, Vs3]=svd(S3);
condNrs=diag( Ss3)/Ss3(1,1);
%
%epsilon=1e-10;
epsilon=eps;
if condNrs(3)<epsilon
warning('S3 is degenerate’);
return;
end;
%
% define the constraint matrix and its in-
verse
%
C=[0,0, -2;
0, 1, 0;
-2,0,0];
Ci=inv(C);
%
% Setup and solve the generalized eigen-
vector problem
%
T=-inv(S3) =S2
S=Ci~*(S1+S2*T);

alpha2=T =*alphal,;
ellipse=[alphal;alpha2];

%

% Pick up the hyperbolic solution
%
possibleHs=condVals(2:3)+condVals(1);
[minDiffVal, minDiffAt]=min( abs
(possibleHs));
eValH=possibleHs(minDiffAt);
alphal=evec(:,index(minDiffAt+1));
alpha2=T =alphal,
hyperbola=[alphal; alphaZ2];

8.2 Fit Orthogonal Hyperbola

function

[orthConic, fitStd]=fitOrtHyperbola( x,y );

%

% (c) Paul O’Leary 2003

% It is assumed that x and y are column
vectors of the same length

%

X2=X."2;

y2=y."2;

XY=X. *Y;

%

% Setup the design matrix

%

D=[y2-x2, Xy, X, Y, ones(size(x))] ;
%

% Perform singular value decomposition
%

[U, S, V]=svd(D, 0);

%

% Select the best solution

%

result=V(:,end)’;

%

% Convert it to standard form for a conic
with all 6 coefficients

% NOTE: result(1) is repeated

%

orthConic=[-result(1), result(2), result

(1), result(3:end)];

%

% Determine the standard deviation of the
residual.

%

% fitStd=S(end,end)/sqrt(length(x));

evec,evall=eig(S);
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