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Abstract. A new method based on quadratic constrained least-
mean-square fitting to simultaneously determine both the best hy-
perbolic and elliptical fits to a set of scattered data is presented.
Thus a linear solution to the problem of hyperbola-specific fitting is
revealed for the first time. Pilu’s method to fit an ellipse (with respect
to distance) to observed data points is extended to select, without
prejudice, both ellipses and hyperbolæ as well as their degenerate
forms as indicated by optimality with respect to the algebraic dis-
tance. This novel method is numerically efficient and is suitable for
fitting to dense datasets with low noise. Furthermore, it is deemed
highly suited to initialize a better but more computationally costly
least-square minimization of orthogonal distance. Moreover, Grass-
mannian coordinates of the hyperbolæ are introduced, and it is
shown how these apply to fitting a prototypical hyperbola. Two new
theorems on fitting hyperbolæ are presented together with rigorous
proofs. A new method to determine the spatial uncertainty of the fit
from the eigen or singular values is derived and used as an indicator
for the quality of fit. All proposed methods are verified using numeri-
cal simulation, and working MATLAB® programs for the implemen-
tation are made available. Further, an application of the methods to
automatic industrial inspection is presented. © 2004 SPIE and IS&T.
[DOI: 10.1117/1.1758951]

1 Introduction

The fitting of hyperbolæ and ellipses is a far reaching, g
eral pattern recognition and image processing task; for
ample, in x-ray diffraction imaging, the centers of the
oms lie on hyperbolæ. We present the first known lin
solution to hyperbolæ-specific fitting. In the past, nonline
optimization techniques have been used to solve this p
lem. Furthermore, the method simultaneously delivers b
the best hyperbolic and elliptical solutions from a sing
reduction of the scatter matrix.

The literature contains much work on fitting o
ellipses1–4 and implicit curves to observed data poin
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However, hyperbolæ seem to have been neglected. P
Fitzgibbon, and Fisher5,6 introduced ellipse-specific direc
least-square fitting. Later, Halir and Flusser7 improved the
numerical stability and efficiency of this method.

In this research, the work in Refs. 5, 6, and 7 is extend
to simultaneously and specifically determine both the b
hyperbolic and elliptical fits to scattered data. The focus
this work is on the performance of the hyperbolic fittin
for the following reasons.

1. This is the first known linear solution to fitting a hy
perbola to scattered data.

2. The performance of the ellipse fitting is identical
the solution presented by Halir and Flusser.7 It does
not seem necessary to reproduce these results he

A-priori knowledge of the general shape of the obje
being measured is commonly available in automatic insp
tion. The Grassmannian coordinates of the hyperbola
introduced here to enable the integration of sucha-priori
knowledge into the fitting procedure. Two new theorems
fitting hyperbolæ are presented, together with rigoro
proofs. Furthermore, the proposed methods are verified
ing both synthetic and experimental datasets.

Automatic industrial inspection applications place ad
tional requirements on the fitting and modeling metho
being developed.

1. Usually observation and fitting are unsupervised. T
entire procedure must be automated because pro
processing or some corrective action may have to
taken based on some results of the fit. There is
possibility for an operator to intervene when su
conditions occur.

2. The algorithms must be robust and fail-safe wh
confronted with spurious data. They must verify th
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Direct and specific least-square fitting . . .
the expected geometric object reliably describes
data and exhibits numerical stability if the data co
vey ambiguity.

3. Fitting is carried out under real-time constraints,
quiring a tradeoff between speed and accuracy.

4. A dense vector of data points, typically several hu
dred, is available. The data are only moderat
noisy.

5. Image processing accuracy needs to match only
achievable by the subsequent automatic product p
cessing or defect correction system.

To support these requirements, a new and numeric
efficient method of calculating the spatial uncertainty of t
fit has been developed. Least-square fitting of the algeb
distance is a poor approximation of minimized normal d
tance in strongly scattered data.3 This work extends the
linear fitting of implicit equations to determine the spat
uncertainty associated with the fit from the eigen or sin
lar values.

2 Geometric Background

The following section presents conics in homogene
form and the necessary properties required to specificall
hyperbolæ and ellipses.

2.1 Homogeneous Coordinates and the Projective
Plane

The homogeneous coordinates of a point in the 2-D pro
tive plane are,

p5@x y w#T[@lx ly lw#T. ~1!

Now consider the homogeneous equation of a linele ,

le5 l 1x1 l 2y1 l 3w[l l 1x1l l 2y1l l 3w

[l@ l 1 l 2 l 3#@x y w#T50. ~2!

All points p`5@x y 0#T lie on the line at infinity l`
5@0 0 1#.

The points of intersection, ostensibly at`, i.e., w50, of
a conic and the line at infinityl` , will be used to advantage
when selecting the specific type of conic fitting.

2.2 Conics

Quadratic forms in the plane,i.e., conics,

k,pTKp5@x y w#F a b/2 d/2

b/2 c e/2

d/2 e/2 f
G F x

y
w
G , ~3!

may be defined by the symmetric matrixK . The conic has
three properties, which are invariant to Euclidean trans
mations,

i 15uKu, i 25UF a b/2

b/2 c GU5ac2
b2

4
, and i 35a2c.

~4!
t
-

y

c

t

-

-

These can be understood by considering the intersectio
a conic with the line at infinity.

The homogeneous conic equation can be obtained
expanding Eq.~3!,

k,ax21bxy1cy21dxw1eyw1 f w250. ~5!

Intersection between the conic and the line at infinity
obtained with Eq.~5! andw50 to yield Eq.~6!. The closed
conics,i.e., ellipses and circles, their special case, have
real points of intersection, whereas hyperbolæ a
parabolæ do.

k`5ax21bxy1cy250. ~6!

Solving Eq.~6! asx5x(y) produces,

x5F2b6~b224ac!1/2

2a Gy, ~7!

which can be rearranged as Eq.~8!:

$2ax1@b1~b224ac!1/2#y%$2ax1@b2~b224ac!1/2#y%

505 l1l2 . ~8!

The factors represent two lines with the following equ
tions,

l1,2ax1@b1~b224ac!1/2#y50 and

l2,2ax1@b2~b224ac!1/2#y50. ~9!

These two lines, which intersect at the origino@001#, are
parallel to the conic asymptotes. The nature of the t
lines, and with this the nature of the conic, depend on
value ofb224ac:

b224ac

3H 50 real parallel asymptotes⇒parabolic conic

.0 real asymptotes⇒hyperbolic conic

,0 complex asymptotes⇒elliptical conic

.

~10!

This property, one of the invariants under Euclide
transformation, can be used to identify the type of co
from any form of its general equation,i.e., independent of
position and orientation.

Later it is seen that it is necessary to determine if
conic is degenerate or notproper. This is indicated if the
numerical rankR(K ,e) is deficient.

R~K ,e!5H 3 indicates a proper conic

2 two intersecting lines

1 two colinear lines

. ~11!

A metric or norm must be introduced as a measure of ra
For this purpose, singular-value decomposition is applied
the conic matrixK ,
Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 493
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O’Leary and Zsombor-Murray
K °
svd

@U,S,V#, ~12!

where,S is the diagonal matrix containing the singular va
ues. These correspond to the two-norm distances of
column vectors ofV from the null space ofK . The matrix
S is normalized on the largest singular valueS@1,1#, thus

L5F 1 0

�

0
s@n,n#

s@1,1#

G5F 1 0

�

0 l@n,n#
G . ~13!

The numerical rank is defined asr e such that,

l1.l2¯.l r e
.e.¯ln , ~14!

wherebye is a small predefined number related to the n
merical accuracy of the computational system being us

3 Simultaneous Fitting of Hyperbolæ and
Ellipses

The equation of the conic, dehomogenized withw51, can
be formed as the product of a row and column vector.

k5@x2 xy y2 x y 1#@a b c d e f#T.
~15!

The vector of quadratic point forms ordesign vectord
5@x2 xy y2 x y 1# describes the fundamental structure
the curve being considered, in this case a conic, and
coefficient vectorz5@a b c d e f#T determines the conic
type, e.g., hyperbole,etc. The designd and coefficientz
vectors correspond to the dual Grassmannian and Gr
mannian coordinates of the geometric objects, respectiv

Consider that, in general, pointspi5@xi ,yi ,1# lie near
but not on the curve being fitted. Therefore, such po
coordinates do not exactly satisfy the conic equation
rather yield a~small! residualr i called the algebraic dis
tance.

r i,@xi
2 xiyi yi

2 xi yi 1#@a b c d e f#T.
~16!

Note, however, this isnot the normal distance of the poin
to the curve.

Given n points,

F x1
2 x1y1 y1

2 x1 y1 1

] ] ] ] ] ]

xn
2 xnyn yn

2 xn yn 1
GF a

b
c
d
e
f

G5F r i

]

r n

G5Dz5r . ~17!

D is called the design matrix andr is the vector of residu-
als.
494 / Journal of Electronic Imaging / July 2004 / Vol. 13(3)
e

.

e

s-
.

t

The aim of least-square fitting is to determine the valu
of the coefficients,i.e., the coefficient vector, which mini-
mizes the sum of the square of the errors. This vecto
written

ẑ5arg min
z

H (
i 51

n

F~z,pi !J . ~18!

Bookstein2 in a seminal work showed that the leas
square fitting problem under a constraint could be solv
using generalized eigenvectors. Pilu and Fitzgibbon to
advantage of this method to solve ellipse-specific dir
least-square fitting by solving the generalized eigenvec
problem,

DTDz5Sz5lCz, ~19!

subject to the constraint,

b224ac5zTCz5zT3
0 0 22 0 0 0

0 1 0 0 0 0

22 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

4 z,0,

~20!

thus admitting a unique elliptical solution. This constra
is clearly equivalent to selecting the case of an ellipse
Eq. ~10!. An improved numerical calculation method bas
on block decomposition of the constraint and scatter m
trix, together with a more stable procedure to select
correct solution, were presented by Halir and Fluss7

where there were no changes or extensions to the princ
nature of the solution.

3.1 Extension to Hyperbolæ

The above method actually provides three valid solutio
this has been overlooked in the past. As a first step. rig
ous proof is presented to show that the eigenvector prob
yields one elliptical and two hyperbolic solutions to th
conic fitting problem. Further, there is a symmetry betwe
only one of the hyperbolic solutions and the elliptical so
tion. This enables the unique identification of the corre
solutions. The following two lemmas are required for th
proof,

Lemma 1. The sign of the generalized eigenvalues of

DTDz5Sz5lCz, ~21!

are the same as those of the matrixC, up to a permutation
of the indices.

Lemma 2. If (l i ,zi) is a solution of the eigen system,

DTDz5Sz5lCz, ~22!

then: sign(l i)5sign(zi
T C z).
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Direct and specific least-square fitting . . .
See Golub and Van Loan8 for proofs of these lemmas
Now we formulate our postulate more formally.

Theorem 1. The solution of the conic fitting problem de
fined by the generalized eigen system,

DTDz5Sz5lCz, ~23!

subject to the constraint matrixC defining the constraint
b224ac,0, delivers three nontrivial solutions: one an
only one elliptical and two hyperbolic solutions.

Proof. Since the nonzero eigenvalues ofC are lC
5$22,1,2%, from lemma 1, there is one and only one neg
tive eigenvaluenl i,0, and two positive eigenvaluespl i

.0, associated with the solutionszi . Since the equations
are homogeneous, both the positive and negative eigen
ues correspond to eigenvectors, which are valid solutio
Then according to lemma 2, there are two cases to be
sidered.
Negative eigenvalue nl i,0: the constraintzi

TCz5b2

24ac is negative, andzi is a set of coefficients represen
ing an ellipse.
Positive eigenvaluespl i.0: the constraintzi

TCz5b2

24ac is positive, andzi is a set of coefficients representin
a hyperbola; there are two such solutions.

It is clear that there are two hyperbolic solutions, sin
the constraint only defines that two pairs of real asympto
must exist. The solution can never be a parabola, since
would requireb224ac50.

There are three eigenvectors, one obtained with
negative eigenvalue, and two with the positive ones. Ho
ever, Halir and Flusser pointed out that datasets with v
low noise may have eigenvalues approaching zero. Sm
numerical perturbations thus lead to sign ambiguity. Su
eigenvalues cannot be reliably used to assign solution
numerically more stable approach is to evaluate the follo
ing constraint for each of the three solutions,

k i5bi
224aici , i 51,2,3, ~24!

this yields three values, each of which corresponds to
of the eigenvalues of the constraint matrix. Note: there
two symmetric eigenvalues of the constraint mat
$22,2%; these correspond to the optimal elliptical and h
perbolic solutions, respectively. The third eigenvaluel
51 also represents a hyperbola. However, it does not m
mize the error as desired, but maximizes it.

The symmetry of the hyperbolic and elliptical solutio
can be used to identify the two optimal solutions. W
strongly scattered data, the solutions are not perfectly s
metric.

Corollary 1. The eigenvectorzi associated with the nega
tive constraint coefficientk i is the best elliptical fit, while
the eigenvectorzi associated with the positive constrai
coefficientk i with the value nearest to that of the elliptica
solution is the best hyperbolic fit.
l-
.
-

s
is

ll

A
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-

-

This corollary takes advantage of the symmetric nat
of the fitting problem,i.e., fitting a hyperbola and an ellips
is effectively the same problem with only a change in si
of an eigenvalue.

In the case of the hyperbola, the condition number of
conic matrix is then used to determine if the hyperbo
degenerates into the two lines of its asymptotes, indica
that a rectangular cross section with sharp, not round
corners has been identified.

3.2 Numerical Implementation

Prior to starting the fit procedure, a translation is applied
place the centroid of the data at the origin, then isotro
scaling is made to ensure that the root mean square dist
of the points to the origin is&. The matrix corresponding
to this similarity transform is:

S5F s 0 2sx̄

0 s 2sȳ

0 0 1
G , ~25!

where,

s5
n&

( i 51
n @~xi2 x̄!21~yi2 ȳ!#1/2. ~26!

After fitting has been completed, the conic, represen
by its coefficient matrix, is transformed back to the origin
data position and scaling,

K!5STKS. ~27!

This improves the numerical stability of the fit result.9,10

The design matrix is partitioned into its quadratic a
linear submatrices,

D15F x1
2 x1y1 y1

2

] ] ]

xn
2 xnyn yn

2
G and D25F x1 y1 1

] ] ]

xn yn 1
G . ~28!

Three scatter matrices are defined,

S15D1
TD1 , S25D1

TD2 , and S35D2
TD2 . ~29!

The constraint matrix is reduced to,

C15F 0 0 22

0 1 0

22 0 0
G , ~30!

and the coefficient matrix is partitioned into,

a15@a b c#T and a25@d e f#T. ~31!

The fitting problem is thus carried out in five well-define
steps.
Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 495
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1. Determine the numerical rankr e of S3 and test if the
data presented to the fitting routine are degene
and correspond to a straight line. If the numeric
rank r e52, the fit is finished.~Halir did not consider
the case of unsupervised inspection where the po
bility of degenerate data had to be taken into a
count.! Otherwise, continue with step 2.

2. Solve the eigenvector problem,

C1
21~S12S2S3

21S2
T!a15la1 , ~32!

to determinea1 . It should be noted that this merel
requires the reduction of a 333 matrix.

3. Calculate the constraint coefficients,

ki5a@2,i #224a@1,i #a@3,i #. ~33!

Select the elliptical solution,i.e., ke5k i uk i,0 and
then find the symmetric hyperbolic solution

kh5kiumin$ki1ke% and k i.0. ~34!

4. Determinea2 for each solution by back-substitutin
a1 into,

a252S3
21S2

Ta1 . ~35!

5. Concatenatea1 anda2 for each solution,

a5Fa1

a2
G. ~36!

3.3 Numerical Tests
The innovation here is the simultaneous fitting of hyp
bolæ and ellipses.~Note that Pilu and Halir have give
extensive tests of their algorithm for the fitting of ellipses
scattered data. Our work does not pretend to improve
performance with respect to ellipses, namely, weusePilu’s
method. Consequently, comparing results would be po

Fig. 1 Test results when fitting to a noisy dataset, which clearly
represent an ellipse.

Fig. 2 Test results when fitting to noisy data of an elliptical arc.
496 / Journal of Electronic Imaging / July 2004 / Vol. 13(3)
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less.! The numerical tests focus on verifying this proper
The two solutions found by the algorithm are presented
the following test cases:

1. data that clearly represent an ellipse~Fig. 1!

2. data for an elliptical arc~Fig. 2!

3. data that clearly represent a hyperbola~Fig. 3!

4. data that represent a degenerate hyperbola~Fig. 4!.

These tests were considered comprehensive enoug
demonstrate the performance of the simultaneous fitt
All tests were performed with 200 data points having 3
noise.

4 Grassmannian Coordinates for Hyperbolæ

This section presents a new method to fit hyperbolæ wh
a-priori knowledge is available concerning the relative o
entation of asymptotes. Sucha-priori knowledge is com-
mon in many applications,e.g., the cross section of a stee
billet is rectangular.

Line coordinates of an axis of symmetryl of the hyper-
bola are written as follows,

l,@L1 L2 L3#. ~37!

Asymptotesap ,an[a6f are lines on the center of sym
metry of a hyperbola and displaced on either side of an a
of symmetry by an anglef. Therefore, asymptote line co
ordinates can be obtained by multiplyingl by the rotation
matrix,

R~f!5F cos~f! 2sin~f! 0

sin~f! cos~f! 0

0 0 1
G . ~38!

Abbreviations cp[cosf and sp[sinf are applied
next,

Fig. 3 Test results when fitting to noisy hyperbolic data.

Fig. 4 Test results when fitting to noisy degenerate hyperbolic data.
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a6f5 lR~6f!, ~39!

evaluating,

ap5@cpL11spL2 2spL11cpL2 L3# and

an5@cpL12sp L2spL11cpL2 L3#. ~40!

The products of these asymptotes produce the conicq,

q5@cpL11spL2 2spL11cpL2 L3#F x
y
w
G

3@cpL12spL2 spL11cpL2 L3#F x
y
w
G . ~41!

Expanding Eq.~41!, settingw50, and collecting com-
mon coefficients yield the Grassmannian11 and dual Grass-
mannian coordinates of the hyperbola,i.e., the quadratic
point forms and the conic coefficients,

q`5@cp2x22sp2y2 2sp2x21cp2y2 2xy#

3@L1
2 L2

2 L1L2#T. ~42!

Consequently, the design matrix of the hyperbolaDh
with known angle 2f between the asymptotes is,

Dh

5F cp2x1
22sp2y1

2 2sp2x1
21cp2y1

2 2x1y1 x1 y1 1

] ] ] ] ] ]

cp2xn
22sp2yn

2 2sp2xn
21cp2yn

2 2xnyn xn yn 1
G .

~43!

A special case occurs when the asymptotes are orth
nal to each other,i.e., the model being fitted is a rectangul
hyperbola, wherecp5sp. The design matrix reduces to

Dh5F y1
22x1

2 x1y1 x1 y1 1

] ] ] ] ]

yn
22xn

2 xnyn xn yn 1
G . ~44!

The same result can be attained another way. Cons
two orthogonal direction cosines,i.e., orthogonal lines on
the origin:

a,@a1 a2# and a',@2a2 a1#. ~45!

The line product conic is shown in Eq.~46!,

2a1a2x21~a2
22a1

2!xy1a1a2y2. ~46!

This corresponds to the constraintC11C350 on the
conic coefficientsC.
-

r

Theorem 2. The conics with real and orthogonal asym
totes are defined on the dual Grassmannian coordinate:

GD,@y22x2 xy x y 1#T. ~47!

Proof. The Grassmannian coordinates,i.e., the coeficients
are defined as,

g,@g1 g2 g3 g4 g5#. ~48!

The conic equation is,

c5GDg52g1x21g2xy1g1y21g3xw1g4yw1g5w2.
~49!

Evaluating at infinity,i.e., w°0,

c`5GDg52g1x21g2xy1g1y2. ~50!

The planar line coordinate of the asymptotes,i.e., the roots
of Eq. ~50! are:

1bª@1b1 1b2 1b3#5F2g22~g2
214g1

2!1/2

2g1
, 1 0G ,

~51!

2bª@2b1 2b2 2b3#5F2g21~g2
214g1

2!1/2

2g1
, 1 0G .

~52!

The discriminants are nonnegative regardless ofg1 and
g2 . Consequently, the asymptotes of the conic are also r
For the asymptotes to be orthogonal, it is only necess
that the inner product, taking these line coordinates as v
tors, 1b• 2b vanishes. It is obvious from the right-han
sides of Eqs.~51! and ~52! that this is indeed the case.

Corollary 2. Reduction of the design matrix,

Dh5F y1
22x1

2 x1y1 x1 y1 1

] ] ] ] ]

yn
22xn

2 xnyn xn yn 1
G , ~53!

will yield a conic with real and orthogonal aysmptotes.
Furthermore, the matrix that must be reduced is nown

35 rather thann36, as in the general case. This makes
method numerically more efficient than fitting a gene
hyperbola.

4.1 Numerical Tests

Two numerical tests for the fitting of hyperbolæ with o
thogonal asymptotes are presented~Fig. 5!: 1. a dataset tha
fulfills the condition with respect toa-priori knowledge,
i.e., that the asymptotes produced by the dataset mus
truly orthogonal, and 2. a dataset where this condition is
fulfilled.

The second test demonstrates that the proposed me
forces the asymptotes to be orthogonal irrespective of
nature of the dataset.
Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 497
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The results of test 1 show that this fitting procedu
tends to weight the data toward the ends of the asympt
more strongly than the data points near the apex. Thi
seen in more detail in the next section where the confide
interval is analyzed.

5 Confidence Interval

Unsupervised inspection and fitting of geometric mod
place demanding requirements on the quality and certa
of fit. The industrial inspection tasks driving this work ha
real-time constraints, the 2500 billet cross section profi
which must be acquired each second, require computat
ally simple and efficient methods. A new and numerica
efficient way to determine the spatial uncertainty of the fi
therefore presented. It should be noted that the spatial
certainty is nonuniform along the curve. This is due to t
difference between the algebraic and normal Euclidean
tance from a point to a curve.3

Fig. 5 Left: Test fit to a dataset where the condition with respect to
a-priori knowledge is fulfilled, i.e., the asymptotes of the dataset are
truly orthogonal. Right: Test fit on a dataset that do not have or-
thogonal asymptotes. This is obviously a poor fit; however, it dem-
onstrates that the method enforces the orthogonality condition irre-
spective of the nature of the dataset.
498 / Journal of Electronic Imaging / July 2004 / Vol. 13(3)
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5.1 Nature of the Metric and Numerical
Considerations

The proposed metric is the algebraic distance. The relat
ship between algebraic distance and normal distance
pends on the object being considered and the attitude
error vectors, which are a measure of distance, relative
the object. Some insight into the metric can be gained
examining planar curves and the offset surfaces co
sponding to the squared distanced2 from the curves. The
residual resulting from the implicit equation is not a sym
metric function. This can be clearly seen in the case o
parabola, shown in Fig. 6. Points with equal normal d
tance to the parabola produce a different residual, depe
ing on their position. Consider the parabola,

x2y250. ~54!

The residual in this case is a linear function inx and a
quadratic function iny. As can be seen in Fig. 6, the re
sulting error surface deviates strongly fromd2. Conse-
quently, minimizing the squared algebraic distance lead
a poor fit. This is the case for all curves and surfaces t
are highly asymmetric in powers and/or coefficients
x,y,(z). In applications where unsupervised fitting is bei
applied, the form of the squared residual surface should
evaluated prior to selecting the fitting method. A nonline
minimization ofd2 is to be preferred when:

1. the data points contain a high degree of noise

2. the data points are distributed unevenly along the
ject, or

3. when the squared residual surface is strongly as
metric.

The numerical stability of the fitting procedure is co
siderably improved by applying a similarity transformatio
to the data prior to fitting.
Fig. 6 Left: The surface corresponding to d2 around a parabola. Right: The square of the residual rs
2

resulting from the implicit Eq. (54) for the parabola.
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Direct and specific least-square fitting . . .
1. Translate the data so that it is centered around
origin, i.e., zero meanx, y, andz.

2. Scale the data so that the maximum distance o
point to the origin is&. This is particularly important
for higher-order objects.

5.2 Singular Value Decomposition

The notation used for singular value decomposition in t

work is A°
svd

@U,S,V#. If D is a realm3n matrix, then the
orthogonal matrices,

U5@u1 ,...,um#PRm3n:iUi25I and

V5@v1 ,...,vn#PRn3n:iVi25I , ~55!

exist, such that,

UTDV5S5diag$s1 ,...,sp%PRm3n for p5min$m,n%,
~56!

wheres1>s2>...sp>0. Thes i are the singular values o
A, andui andvi are thei ’ th left and right singular column
vectors. In this geometric case,vi form the orthogonal basis
vectors ofD, andui are the normalized orthogonal proje
tions of D onto ui . The singular values i is the two-norm
distance of the vectorvi from the null space ofD. Further,

sp5 min
vpÞ0

iDvpi2

ivpi2
. ~57!

The solution being sought corresponds toc5vp .
The matrix D may have a higher-than-unity degree

rank deficiency, depending on the dataset and the natu
the dual Grassmannian coordinates of the geometric ob
The numerical rank is defined as follows:

r e5rank$A,e%, ~58!

where,s1>...s r e
>e>s r e11>sp . There can be multiple

column vectorsvi : i .r e . The concept of numerical ran
requires that all linear combinations of the column vect
of V' be considered as possible solutions. Conseque
the null$D,e% is the set of all solutions to fitting the geome
ric object to the data. For example, ifD is rank deficient
order 2, then the solution is a pencil of hyperplanes in
dual Grassmannian space. This corresponds to a stra
line in the Grassmannian space; interpolation between
points.

5.3 Confidence Interval Associated with the
Algebraic Distance

In automated quality control applications, it is important
have an estimate for the confidence interval12 of the mea-
surement result. Data points are corrupted by noise,
there is a distribution of fit residuals. There are two diffe
ent confidence intervals that need to be considered.
e

of
t.

,

ht
o

o

1. Given the geometric model that has been found, h
large is the region in which a data point may valid
lie within a given range of statistical confidence?

2. Given the data and the geometric model being us
what is the tolerance on coefficient values?

The singular valuesp is the two-norm distance of the
vector c5vp from the null space of the design matrixD,
i.e.,

sp5iDci25ir i25S (
i 51

m

r i
2D 1/2

. ~59!

Consequently, the standard deviation of the residuald r is,

d r5
sp

An
, ~60!

wheren is the number of points in the sample dataset. T
mean residualr̄ is zero; further, it is assumed the residu
has a normal distribution.~In critical applications, the re-
sidual should be tested to determine if it fulfills the requir
ment of having a Gaussian~normal! distribution.! In this
case, the equation for the conic can be rewritten as,

c1x21c2y21c3xy1c4x1c5y1c65N~0,d r !. ~61!

That is, the data point residuals are not zero but n
mally distributed with zero mean and standard deviat
d r . In engineering applications, it is common to define
confidence interval as some real multiplef of the standard
deviation,e.g., within a range of, say, 2.5s. Applying this
to Eq. ~61! and rearranging to implicit form gives the fo
lowing results.

1. The expected~i.e., the mean! result is,

c1x
21c2y

21c3xy1c4x1c5y1c650. ~62!

The values of the coefficientsc found are used for all
calculations with respect to the geometric object.

2. The confidence interval in which a point lies is give
by

c1x
21c2y

21c3xy1c4x1c5y1c66fsp /An50. ~63!

The value forf is chosen to achieve the desired pro
ability for the confidence interval. Changing th
value ofc6 corresponds to a parallel shift of the hy
perplane in the dual Grassmann space. This is con
tent with the observation that the singular valuesp is
the mean square component of the data orthogona
the dual of the vectorvp . An example of fitting an
ellipse to data with the resulting confidence interv
can be seen in Fig. 7.

6 Application to Automatic Inspection

The original motivation for this work arose from a proble
encountered in the automatic inspection of steel billets
the necessity to autonomously discriminate rectangu
from elliptical cross sections. The first task is to deci
Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 499
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O’Leary and Zsombor-Murray
whether the cross section of a red hot steel billet, emerg
from a rolling mill, is circular or rectangular, with sharp o
rounded corners. This is achieved by simultaneously fitt
an ellipse and a hyperbola to the acquired dataset repre
ing points reflected from the billet surface and captured i
camera image of a plane of laser light intersecting the
let.

The next task is to accurately estimate invariant prop
ties of the cross section,i.e., center point and radius of th
circular sections, or the orientation of the rectangular si
and the point of intersection. These properties are use
register sections acquired in a sequence of images ta
along the length of the advancing billet. The assembly
registered images is then filtered, thereby enhancing
existing surface defects to allow their machine recognit
and, if possible, subsequent correction,e.g., by abrasive
grinding.

In the case of steel billet inspection and many oth
engineering applications, the geometry of the objects be
encountered is known,e.g., adjacent faces of the rectang
lar and rounded-rectangular billets are mutually orthogon
This a-priori knowledge is used to improve the quality
the results by fitting a hyperbola with orthogonal asym
totes. The center point of the hyperbola and the orienta
of the asymptotes can be determined directly from
conic matrix.

Fig. 8 Example of an original image from the laser profiler and the
relevant portion of the rectified profile data.

Fig. 7 Fitting a conic section to noisy data. The confidence interval
is for the range 63d r and corresponds to a contour on the surface of
the residuals.
500 / Journal of Electronic Imaging / July 2004 / Vol. 13(3)
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The experimental data are taken from a laser profi
measuring the cross section of steel billets. An example
the original image and the rectified profile, which is deli
ered by the profiler, can be seen in Fig. 8.

The measurement system is confronted with billets h
ing three possible cross section types.
Circular : can clearly be modeled by an ellipse.
Rectangular: can be modeled as a degenerate hyperb
with orthogonal asymptotes.
Rounded rectangular: these can only be approximated b
a conic. However, the center point of the conic is w
suited to determine the translation required to register m
tiple sections.

The first step in registering the individual sections is
perform a fit according to the constrained eigenvector pr
lem. The results of this fit for the sample profile are sho
in Fig. 9. The important feature is that all three solutio
are produced simultaneously with a single reduction of
scatter matrix.

These results are used to determine if the cross sectio
best modeled as an ellipse or a hyperbola. In the hyperb
case, a second fit with orthogonal asymptotes is perform
A comparison of this fit and the hyperbola from the eige
vector solution is shown in Fig. 10.

Note the difference in the angles between the asym
totes and the coordinates for the center point. These dif
ences are important when rectifying individual sections
form a complete surface model.

A billet is inspected by acquiring sequential section
however, these are corrupted by motion and vibration of
billet during transportation. The rectangular hyperbo

Fig. 9 The three fit solutions delivered by extending the method of
Pilu. Original data are black and the fit results are red.

Fig. 10 Left: The fit delivered by the modified Pilu method. Right:
Result from reduction on the dual Grassmannian coordinates for a
hyperbola with orthogonal asymptotes.
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Fig. 11 Left: Original data as acquired; the uneven surface results from vibration of the billet during
transportation. Right: Registered and rectified surface with localized defects. The rectangular hyper-
bolic model has been used to achieve this result.
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model is now used to register the sections to a comm
center point and orientation~see Fig. 11!.

It is interesting to investigate the properties of the co
fidence interval associated with the algebraic distance
hyperbola~see Fig. 12!. The points near the apex have
lower contribution to the fit that points near the asymptot

7 Conclusions

New linear numerical methods for the fitting of speci
conics to data are presented. The methods include solu
for:

3. direct and simultaneous least-squares fitting of b
ellipses and hyperbolæ, achieved by using c
strained generalized eingenvalue decomposition

4. direct least-square fitting of rectangular hyperbo
using Grassmannian reduction

5. determination of the spatial confidence interval as
ciated with least-square algebraic fitting.

This is the first linear-least square hyperbola-specific fitt
method. Two new theorems on fitting hyperbolæ are p
sented, together with rigorous proofs. All proposed me
ods are verified using synthetic and real datasets. Im

Fig. 12 Orthogonal fit with associated confidence interval.
.

s

-

-

-

mentations of these methods in MATLAB m-code are ma
available. An application in automatic industrial inspecti
is presented.

Furthermore, this article contributes to industrial app
cations by describing in some detail the development
validation of effective, real-time algorithms to auton
mously inspect bar stock and steel billets of circular a
rectangular cross sections. This is done by applying
ementary planar projective geometry of points, lines, a
conics. Exciting avenues and opportunities for research
unsupervised industrial inspection, based on fast, cert
and accurate artificial decision making, are opened. C
sider these three, possibly trite, adjectives in the contex
unsupervised inspection.

Fast. When transforming dual elements,i.e., lines, as op-
posed to points, in the plane one needs only to premult
the homogeneous line coordinate vector by the dual
placement matrix.13 This matrix is simply the adjoint of the
primal one for points. Lines are thus converted with o
multiplication rather than two if a point pair is used. Sim
larly, point-form and line-form conics are tranformed b
transforming their coefficient matrix@see Eq.~5!# and ad-
joint of the coefficient matrix, respectively.

Certain. A feature may appear as the image of a hyp
bola. To ensure that this, rather than another conic, w
emerge from the fit, one begins with a linear~algebraic
distance! fit on quadratic forms peculiar to hyperbolae. Th
is outlined in Sec. 4. The principle is applicable to oth
curves, a subject for further investigation.

Accurate. What if the cross section is known to be
rectangle? Then the image is best approximated by a pair
perpendicular lines or by a rectangular hyperbola. To
sure this, one uses the combined quadratic fo
@x2–y2,xy,x,y,1#. This removes a column from the Gras
mannian matrix to more simply produce more accurate
sults. We call this technique ‘‘prejudicial perception
Naming things allows us to more effectively recognize,
member, and apply them. The element of research offe
here is the challenge to generalize this concept for wi
application in design and analysis.
Journal of Electronic Imaging / July 2004 / Vol. 13(3) / 501
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8 Appendix: MATLAB Code

The MATLAB m-code presented has been optimized w
respect to the clarity of the procedure being implement
at the sacrifice of numerical efficiency. Further, the simil
ity transformS, i.e., making the data mean free and scali
before fitting, is not shown in the code for reasons of cl
ity.

8.1 Simultaneously Fit Ellipse and Hyperbola

function [ellipse, hyperbola]
5fitEllipsAndHyperbola(x, y);
%
% it is assumed that x and y are column
vectors
%
x25x^.2;
y2=y.^2;
xy=x. *y ;
%
% Set up the design and scatter matrices
%
D1=[x2,xy,y2];
D2=[x,y,ones(size(x))];
%
S1=D1’ *D1;
S2=D1’ *D2;
S3=D2’ *D2;
%
% test the rank of S3
%
[Us3, Ss3, Vs3]=svd( S3 );
condNrs=diag( Ss3 )/Ss3(1,1);
%
%epsilon=1e–10;
epsilon=eps;
if condNrs(3)<epsilon

warning(’S3 is degenerate’);
return;

end;
%
% define the constraint matrix and its in-
verse
%
C=[0, 0, −2;

0, 1, 0;
−2, 0, 0];

Ci=inv(C);
%
% Setup and solve the generalized eigen-
vector problem
%
T=−inv( S3 ) *S2’;
S=Ci * (S11S2* T);
%
[evec,eval]=eig( S );
%
% evaluate and sort resulting constraint
values
%
cond5evec(2,:) .̂ 2 – 4* (evec(1,:).* evec(3,:));
502 / Journal of Electronic Imaging / July 2004 / Vol. 13(3)
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[condVals index]=sort( cond );
%
% Pick up the elliptical solution
%
eValE=condVals( 1 );
alpha1=evec( :,index(1) );
alpha2=T *alpha1;
ellipse=[alpha1;alpha2];
%
% Pick up the hyperbolic solution
%
possibleHs=condVals(2:3)+condVals(1);
[minDiffVal, minDiffAt]=min( abs
( possibleHs ) );
eValH=possibleHs(minDiffAt);
alpha1=evec( :,index(minDiffAt+1) );
alpha2=T *alpha1;
hyperbola=[alpha1; alpha2];

8.2 Fit Orthogonal Hyperbola

function
[orthConic, fitStd]=fitOrtHyperbola( x,y );
%
% (c) Paul O’Leary 2003
% It is assumed that x and y are column
vectors of the same length
%
x2=x.ˆ2;
y2=y.ˆ2;
xy=x. *y;
%
% Setup the design matrix
%
D=[y2−x2, xy, x, y, ones(size(x))] ;
%
% Perform singular value decomposition
%
[U, S, V]=svd( D, 0);
%
% Select the best solution
%
result=V(:,end)’;
%
% Convert it to standard form for a conic
with all 6 coefficients
% NOTE: result(1) is repeated
%
orthConic=[−result(1), result(2), result
(1), result(3:end)];
%
% Determine the standard deviation of the
residual.
%
fitStd=S(end,end)/sqrt(length(x));
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